Abstract. In mechanical modelling of fracture propagation, complications arise from the stress concentrations at the fracture tips and nonlinear responses caused by opening/closing of fractures, by nonlinear constitutive relations of fracture surfaces sliding on each other, and by fracture propagation. The hybridized Displacement Discontinuity and Indirect Boundary Element Method described in this paper avoids problems associated with other numerical methods when analyzing fracture propagation. The method, which includes analytical influence functions and thus makes numerical integration unnecessary, is described in the first part of this paper. In the second part a number of examples are given in which a variety of fracture propagation problems in two dimensions are modelled with the hybridized method. These examples include classical problems in which tension is applied to cracked plates but also others where shearing is applied. Comparisons with solutions obtained by other authors are shown to be satisfactory.
Introduction
In mechanical modelling of fracture propagation, complications arise from the stress concentrations at the fracture tips and nonlinear responses (even if the intact medium itself is linear elastic) caused by the opening/closing of fractures, by nonlinear constitutive relations of the fracture surfaces sliding on each other, and by fracture propagation. Commonly available numerical methods to deal with such complications include the Finite Element Method [1], the Displacement Discontinuity Method [2, 3] , and the Direct and Indirect Boundary Element Methods [2, 4] , each of which has advantages and disadvantages.
In the finite element formulation, singular elements can be used to capture the stress singularities at the fracture tips. When fracture propagation is modelled, the changing fracture geometry requires the element mesh to be continuously modified [5] . Such remeshing at every propagation step renders the finite element method inefficient.
In the direct boundary element formulation based on the point-force fundamental solution, considerable difficulties arise since the displacement discontinuities across the fracture surfaces are not explicitly accounted for. One approach to tackle this problem is to partition the medium (which must be finite) into sub-regions [6] . However, this approach becomes inefficient when there are two or more cracks, or even for a single crack which propagates out-of-plane in mixed mode loading.
In the indirect boundary element (or fictitious stress) formulation, difficulties similar to that of the direct boundary element method arise because continuous displacements are implicitly assumed.
The displacement discontinuity method is particularly well suited to model fractures which have relative displacements across their surface (hence a displacement discontinuity results). In addition, it can also be used to model an ordinary boundary of a 2-or 3-dimensional body. However, as will be shown later, strong stress singularities at the ends of the displacement elements make it undesirable to model boundaries with finite and smoothly distributed applied loads.
The formulation of the displacement discontinuity method is identical to that of the fictitious stress method except that displacement discontinuities (or "fictitious cracks") are used instead of fictitious stresses. (Naturally, the fundamental solution will also be different.) Hybridizing these two methods so that the advantages of both can be utilized seems to be very promising. In addition, the boundary element methods have further advantages over the finite element method when some special types of boundaries are present. For example, for a semi-infinite medium discretization of the traction-free surface of the medium is not necessary when the appropriate influence functions are incorporated. The same is true for an infinite or semi-infinite medium with a circular cavity.
In this paper a hybridized scheme using the displacement discontinuity and the indirect boundary element methods is presented. A two-dimensional, brittle, and linear elastic medium with fractures is modelled. The influence functions of the elements have been derived analytically, and numerical approximations are thus not required. Arbitrary geometries and loading sequences are possible. Generally, linear elastic fracture mechanics conditions are assumed. For closed fractures under shear, nonlinear stress-slip relations can be incorporated and for closed fracture tips under shear, a special element type can be optionally used. For geomechanical problems, geostatic stresses have been included for more realistic modelling. The computer program FROCK (acronym for Fractured ROCK) which incorporates all these features has been applied to various types of problems with or without fracture propagation. Some basic applications are presented in this paper to show that the chosen approach is satisfactory.
Basic formulation
A generalized problem of a two-dimensional, homogeneous and linear elastic medium with fractures and cavities can be represented as shown in Fig. 1 . Usually the medium is bounded by a closed curve which is the external boundary. However, if the medium is large compared to the region of interest it may be considered infinite. Fractures and cavities, if any, are also regarded as part of the boundary.
As mentioned in the Introduction, the most expedient deformation analysis method for modelling crack problems in elastic media appears to be the displacement discontinuity method. Displacement discontinuity elements can be used to model fractures directly and efficiently. They can also be used to model the external boundaries (including cavities) but as will be shown in Section 4.1, there are considerable stress singularities near the displacement discontinuities. Thus hybridizing with another method which can better model external boundaries is desirable. The fictitious stress method, which is an indirect boundary element method, was selected for this purpose. In fact the displacement discontinuity method may also be viewed as an indirect boundary element method, except that the conventionally used fundamental solution of a line-force is replaced by that of a dislocation.
